COMPUTATION OF THE Es-TERM OF THE ADAMS SPECTRAL SEQUENCE 
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The algebra SS of secondary cohomology operations is a pair algebra with Z-structure which as a Hopf 
algebra was explicitly computed in [1]. In particular the multiplication map A of 3§ was determined by an 
algorithm. In this paper we introduce algebraically the secondary Ext-groups Ext^ and we prove that the 
E3-term of the Adams spectral sequence (computing stable maps in {F, X}*) is given by 

£3(7, X) = Ext^(^X, J^Y). 

Here J^X is the secondary cohomology of the spectrum X which is the ^-module if X is the sphere 
spectrum 5". This leads to an algorithm for the computation of the group 

E3(5",5") =Ext^(G^,G^) 

which is a new explicit approximation of stable homotopy groups of spheres improving the Adams approx- 
imation 

E2(5°,5'') = Ext^(F,F). 

An implementation of our algorithm computed £3(5", 5°) by now up to degree 40. In this range our results 
confirm the known results in the literature, see for example the book of Ravenel [6]. 

1 . Modules over pair algebras 

We here recall from [1] the notion of pair modules, pair algebras, and pair modules over a pair algebra B. 
The category B-Mod of pair modules over B is an additive track category in which we consider secondary 
resolutions as defined in [3]. Using such secondary resolutions we shall obtain the secondary derived 
functors Ext^ in section 3. 

Let A; be a commutative ring with unit and let Mod be the category of A:-modules and fc-linear maps. This 
is a symmetric monoidal category via the tensor product A®B over k of fc-modules A, B. A pair of modules 
is a morphism 



(1.1) X = (xi^Xo) 



in Mod. We write noiX) = ker5 and 7ri(X) = coker5. A morphism f : X Y of pairs is a commutative 
diagram 

/i 




Yo. 

Evidently pairs with these morphisms form a category .^^^i,(Mod) and one has functors 

no, ni : .^MMod) Mod. 

A pair morphism is called a weak equivalence if it induces isomorphisms on ;ro and ni. 

Clearly a pair in Mod coincides with a chain complex concentrated in degrees and 1 . For two pairs X 
and Y the tensor product of the complexes corresponding to them is concentrated in degrees in 0, 1 and 2 
and is given by 

Xi®Yi Xi®Yo®X()®Yi ^ Xo^Yo 
with cJo = (5 ® 1, 1 ® 5) and di = (-1 ®d,d® 1). Truncating X ®Y we get the pair 

xm = ((X(g)y)i = coker(5i) ® Fq = (^®F)o) 

with d induced by do. 
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(1.2) Remark. Note that the full embedding of the category of pairs into the category of chain complexes 
induced by the above identification has a left adjoint Tr given by truncation: for a chain complex 

C = (...^C2^C,%Co^C.r^..), 

one has 

Tr(C) = |coker(5i) % Coj , 

with do induced by do. Then clearly one has 

X®y = Tr(X®F). 

Using the fact that Tr is a reflection onto a full subcategory, one easily checks that the category ,!^^(Mod) 
together with the tensor product ® and unit A: = (0 — > A:) is a symmetric monoidal category, and Tr is a 
monoidal functor. 

We define the tensor product A ® B of two graded modules in the usual way, i. e. by 

i+j=n 

A (graded) pair module is a graded object of ,:^«(Mod), i. e. a sequence X" - (d : X" — > X^) of pairs 
in Mod. We identify such a pair module X with the underlying morphism d of degree between graded 
modules 

X = (Xi A Xo) . 

Now the tensor product X®Y of graded pair modules X, Y is defined by 

(1.3) (X®y)» = 0XWA 

i+j=n 

This defines a monoidal structure on the category of graded pair modules. Morphisms in this category are 
of degree 0. 

For two morphisms f,g:X^Y between graded pair modules, a homotopy //:/=> ^ is a morphism 
// : Xo — > Fi of degree as in the diagram 



/i 

Xi TFi 



(1.4) 




ft, 

Xo Fo, 



satisfying fo- go = dH and /i - = Hd. 

A pair algebra B is a monoid in the monoidal category of graded pair modules, with multiplication 

H : Be>B B. 

We assume that B is concentrated in nonnegative degrees, that is B" = for n < 0. 
A left B-module is a graded pair module M together with a left action 

H : B®M -> M 

of the monoid B on M. 

More explicitly pair algebras and modules over them can be described as follows. 

(1.5) Deiuiition. A pair algebra B is a graded pair 

5 : Bi ^ Bo 

in Mod with B"-B"^-Q for n < such that Bq is a graded algebra in Mod, Bi is a graded Bo-Bo-bimodule, 
and 5 is a bimodule homomorphism. Moreover for x,y e Bi the equality 

d{x)y = xd{y) 

holds in B\. 
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It is easy to see that there results an exact sequence of graded Bo-^o-bimodules 

^ mB ^ Bi Bo ^ noB 

where in fact ttqB is a A:-algebra, niB is a ;roB-^ofi-bimodule, and Bq — > noiB) is a homomorphism of 
algebras. 

(1.6) Definition. A (left) module over a pair algebra B is a graded pair M - (d : Mi — > Mq) in Mod such 
that Ml and Mq are left ^o-modules and d is Bo-linear Moreover a Bo-hnear map 

jl : Bi®fi„Mo -» Ml 

is given fitting in the commutative diagram 

Bi ®Bo Ml Bi Mo 



Ml ^ Mo, 

a 

where ii(b ®m) - d(b)m for b e B\ and m e Mi U Mq. 

For an indeterminate element x of degree n - \x\ let B[x\ denote the B-module with B[x], consisting 
of expressions bx with b € B„ j = 0, 1, with bx having degree \b\ + n, and structure maps given by 
d{bx) = d(b)x, jiib' ® bx) = {b'b)x and jlib' ® bx) = (b'b)x. 

A free B-module is a direct sum of several copies of modules of the form B[x], with x € / for some set 
/ of indeterminates of possibly different degrees. It will be denoted 

B[/] = 0B[x]. 

xel 

For a left B-module M one has the exact sequence of Bo-modules 

-> ;riM -> Ml ^ Mq -> ttqM 

where ;roM and ;riM are actually ;roB-modules. 

Let B-Mod be the category of left modules over the pair algebra B. Morphisms / = (f),f\) : M ^ N 
are pair morphisms which are B-equivariant, that is,/o and fi are Bo-equivariant and compatible with jl 
above, i. e. the diagram 

Bi ®Bo Mo Ml 

l»/o /l 

Bi ®B„ A^o Ni 

commutes. 

For two such maps f,g : M N a track ^ is a degree zero map 

(1.7) H-.Mq^Ni 

satisfying fo- go = dH and fi-gi= Hd such that H is Bo-equivariant. For tracks H : f =^ g, K : g =^ h 
their composition KdH : f ^ his K + H. 

(1.8) Proposition. For a pair algebra B, the category B-Mod with the above track structure is a well- 
defined additive track category. 

Proof. For a morphism / = (fo, fi)-M—¥N between B-modules, one has 

Aut(/) = [He HomB„(Mo, Ni)\dH = fo- fo, Hd = fi - fi} = Hom,„B(^oM, ;riAO. 

Since this group is abelian, by [2] we know that B-Mod is a linear track extension of its homotopy category 
by the bifunctor D with D(M, N) = liom„^B(^oM, niN). It thus remains to show that the homotopy category 
is additive and the bifunctor D is biadditive. 

By definition the set of morphisms [M, N] between objects M, N in the homotopy category is given by 
the exact sequence of abelian groups 

UomB,(Mo,Ni) UomB(M,N) -» IM,N]. 
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This makes evident the abelian group structure on the hom-sets [M, AT). BUinearity of composition follows 
from consideration of the commutative diagram 

HomB„(Mo, Niy^RomgiN, P) e Hom^CM, AO®Homij„(Aro, Pi) HomB„(Mo, Pi) 



Hom^CM, AO ® nomBiN, P) > HomsCM, P) 



[M,N]S>[N,P] ^[M,P] 

with exact columns, where ix{H^g + f®K) = g\H + Kfo. It also shows that the functor B-Mod -> B-Mod~ 
is linear. Since this functor is the identity on objects, it follows that the homotopy category is additive. 

Now note that both functors no, n\ factor to define functors on B-Mod~. Since these functors are 
evidentiy additive, it follows that D = Hom^rofiC^o. ^i) is a biadditive bifunctor. □ 

(1.9) Lemma. IfM is a free B-module, then the canonical map 

{M,N] ¥lom„^BinoM,7:oN) 
is an isomorphism for any B-module N. 

Proof. Let (gdiei be a free generating set for M. Given a ;!-o(B)-equivariant homomorphism / : noM 
uqN, define its lifting / to M by specifying /(g,) = n„ with n, chosen arbitrarily from the class /([§,]) = 
[«,]. 

To show monomorphicity, given / : M — > AT such that n^f = 0, this means that im /o c im 5, so we 
can choose Higi) e Ni in such a way that dHigi) - foigi). This then extends uniquely to a Bo-module 
homomorphism H : Mq — > A^i with dH = /o; moreover any element of Mi is a linear combination of 
elements of the form bigi with bi € Bi, and for these one has Hd{bigi) = H{dQ)\)gi) = d{bi)H{gi). But 
fi{bigi) = bifoigi) = bidH{gi) = d{b\)H{gi) too, so Hd = fr. This shows that / is nuUhomotopic. □ 

2. E- STRUCTURE 

(2.1) Definition. The suspension UC of a graded object X = iX")„^ is given by degree shift, (UC)" = X""' . 

Let S : X — > 1,X be the map of degree 1 given by the identity. If X is a left A-module over the graded 
algebra A then SX is a left A-module via 

(2.2) fl-Sx = (-l)l"'2;(fl-x) 

for a e A, X 6 X. On the other hand if X is a right A-module then (2x) • a = E(x • a) yields the right 
A-module structure on EX. 

(2.3) Definition. A 1,-module is a graded pair module X = (5 : Xi -> Xq) together with an isomorphism 

cr : ;riX = I^noX 

of graded A:-modules. We then call cr a 'L-structure of X. A E-map between E-modules is a map / between 
pair modules such that crinif) - 'E(7Tof)cr. If X is a pair algebra then a E-structure is an isomorphism of 
n-oX-;roX-bimodules. If X is a left module over a pair algebra B then a E-structure of X is an isomorphism 
cr of left ;roB-modules. Let 

(B-Mod)^ c B-Mod 
be the track category of B-modules with E-structure and E-maps. 

(2.4) Lemma. Suspension of a B-module M has by (2.2) the structure of a B-module and EM has a E- 
structure ifM has one. 

Proof. Given cr : mM = I^noM one defines a E-structure on EM via 

;riEM = E;riM ^ EE;roM = I.noI>M. 

□ 
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Hence we get suspension functors between track categories 

fi-Mod — ^ fi-Mod 

(B-Mod)^ (B-Mod)^. 

(2.5) Lemma. The track category (fi-Mod)^ is h-additive in the sense of [3], with L = S"^ or as well 
'R-additive, with R = Z. 

Proof. The statement of the lemma means that the bifunctor 

DiM, N) = Aut(OM,/v) 

is either left- or right-representable, i. e. there is an endofunctor L, respectively R of (B-Mod)^ and a 
binatural isomorphism D(M, N) = [LM, N], resp. £)(M, N) = [M, RN]. 

Now by (1.7), a track in Aut(OM,Ar) is a fio-module homomorphism // : Mq — > A^i with dH = Hd = 0; 
hence 

D{M,N) = Uom„^BinoM,niN) = Uora„„Bino^~^M,noN) = Uom„^BinoM,no^N). 

□ 

(2.6) Lemma. IfB is a pair algebra with ^.-structure then each free B-module has a ^.-structure. 

Proof This is clear from the description of free modules in 1 .6. □ 

3. The secondary differential over pair algebras 

For a pair algebra B with a E-structure, for a S-module M over B, and a module A' over B we now define 
the secondary differential 

d(2) : Ext;^(;roM,;roAO ^ Ext;;^|(;roM,7riA0. 

Here J(2) = d(2)(M, N) depends on the B-modules M and A'^ and is natural in M and A'^ with respect to maps 
in (B-Mod)^. For the definition of d(2) we consider secondary chain complexes and secondary resolutions. 
In [3] such a construction was performed in the generality of an arbitrary L-additive track category. We 
will first present the construction of d(2) for the track category of pair modules and then wiU indicate how 
this construction is a particular case of the more general situation discussed in [3]. 

(3.1) Definition. For a pair algebra B, a secondary chain complex M, in B-Mod is given by a diagram of 
the form 




where each M„ - ((9„ : M„j — > M„ o) is a B-module, each d„ = id„fi, d„^\) is a morphism in B-Mod, each 
Hn is Bfl-hnear and moreover the identities 

d„fld„+\fl - dnHn 
dn, ldn+1,1 - Hndn+2 

and 

Hnd„+2,0 = d„^\Hn+\ 

hold for all n E Z. We thus see that in this case a secondary complex is the same as a graded version of a 
multicomplex (see e. g. [5]) with only two nonzero rows. 
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One then defines the total complex Tot(M.) of the form 

... <- M„_i,o e M„_2,i < M„,o e M„_i,i < M„+i,o e M„,i «- ... 

Cycles and boundaries in this complex will be called secondary cycles, resp. secondary boundaries of 
M,. Thus a secondary n-cycle in M, is a pair ic,j) with c e M„_o, 7 6 Mn-\,\ such that i/„-i,oc = 5„-iy, 
//„_2C = <i„-2,i7 and such a cycle is a boundary ifl" there exist b € M„+i_o and yS e M„4 with c = d„fib + d,fi 
and y - i/„_ \b+d„-\,\P. A secondary complex M. is called exact if its total complex is, that is, if secondary 
cycles are secondary boundaries. 

Let us now consider a secondary chain complex M. in B-Mod. It is clear then that 

JToM. : ... noMn+2 > mMn+\ * n^Mn > 7roM„_i ... 

is a chain complex of ;rofi-modules. The next result corresponds to [3, lemma 3.5]. 

(3.2) Proposition. Let M, be a secondary complex consisting ofL-modules and 'L-maps between them. If 
7ro(M.) is an exact complex then M, is an exact secondary complex. Conversely, ifn^M, is bounded below 
then secondary exactness ofM, implies exactness ofn^M,. 

Proof. The proof consists in translating the argument from the analogous general statement in [3] to our 

setting. Suppose first that jiqM, is an exact complex, and consider a secondary cycle (c, y) e M„_o © M„_i i , 
i. e. one has dn-i,oc = d„-ij and Hn-ic = dn-i.iy- Then in particular [c] e 7roM„ is a cycle, so there exists 
[b] € noM„+\ with [c] = noid„)[b]. Take b e [b], then c - dnflb = d„fi for some jS € M„+ij. Consider 
6 = y-Hn-\b-dn-\,\l3. Onehas(9„_i5 = dn-\y-d„-]Hn-\b-dn-\dn-\,\l3 = dn-\fic-d„-]fld„fib-dn-\fid„li = 

0, so that 6 is an element of niM„. Moreover d„-2,i6 - dn-i,iy - d„-2,iH„-ib - i/„_2,ii/„-i,i>S - Hn-ic - 
Hn-idnfib - H„-2d„p = 0, i. e. (5 is a cycle in m M, . Since by assumption uqM, is exact, taking into account 
the E-structure n\M, is exact too, so that there exists ^ e niM„ with 5 - d„-\ \^. Define p - p + ili. Then 
dnfib+dJS - dn,ob+d,f3 - c since ij/ G ker5„. Moreover d„_i4^ - dn-i,ili+dn-i,nl/ - d„-i^iP+6 = y-H„-ib, 
which means that (c, y) is the boundary of (fo,y8). Thus M. is an exact secondary complex. 

Conversely suppose M, is exact, and ttqM, bounded below. Given a cycle [c] E n()(M„), represent it by 
ace M„fi. Then nod„-i [c] = implies d„-ific e im d„-i, so there is a y e M„_i4 such that dn-i^c = d„-\y. 
Consider co = d„-2,iy - H„.2C. One has d„-2a) = 5„_2<i„-2,ir - 5„_2//„-2C = d„-2fld„-iy - d„-2fldn-\,oc = 0, 

1. e. wis an element of 7riM„_2- Moreover c/„_3iw — d„-i^\d„-2,\'y - dn-T,,\Hn-2C — Hn-idn-\y - Hn--id„f)C - 
0, so w is an-2-dimensionalcyclein7riM.. Using the E- structure, this then gives a «-3-dimensional cycle 
in uqM,. Now since ttqM, is bounded below, we might assume by induction that it is exact in dimension 
n - 3, so that w is a boundary. That is, there exists a e Ji\Mn-\ with d„-2,\(x - (±>. Define y - y - a\ 
then one has d„-2,\y - d„-2,\y - d„-2,ia - d„-2,iy - a) = H„-2C. Moreover dn-if = dn-iy = dn-i^c since 
a € ker(5)n - 1. Thus (c.y) is a secondary cycle, and by secondary exactness of M, there exists a pair 
ib,P) with c = d„fib + d„p. Then [c] = noid„)[b], i. e. c is a boundary. □ 

(3.3) Definition. Let B be a pair algebra with E-structure. A secondary resolution of a S-module M = {d : 




where each F„ - {&„ : Fni —> F„q) is a free B-module. 

It follows from 3.2 that for any secondary resolution F, of a B-module M with E-structure, tiqF, wiU be 
a free resolution of the ;roB-module n^M, so that in particular one has 

Ext;;^^(7roM, U) = H" UominoF., U) 

for aU n and any ;roS-module U. 
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(3.4) Defuiition. Given a pair algebra B with S-structure, a S-module M over B, a module A'^ over B and a 
secondary resolution F, of M, we define the secondary differential 

d(2) : Ext;;„B(7roM,;roA') ^ Ext^linoM,niN) 

in the following way. Suppose given a class [c] e Ext"^^g(7TQM, ttqN). First represent it by some element in 
Hom^^Bi^oFn, ttqN) which is a cocycle, i. e. its composite with noidn) is 0. By 1 .9 we know that the natural 
maps 

[F„,N] ^ Hom„„B(noF,noN) 

are isomorphisms, hence to any such element corresponds a homotopy class in [F„,N] which is also a 
cocycle, i. e. value of [dn, N] on it is zero. Take a representative map c : F„ N from this homotopy class. 
Then cd„ is nuUhomotopic, so we can find a Bo-equivariant map H : F„+i_o — > N\ such that in the diagram 




Fn+2fi — — ^ F„+\ o — ; s- F„ o s- A^o. 



one has co<in,o = dH, cidn,\ = Hdn+i and dci = co5„. Then taking F = ci//„ - Hdn+ifi one has 5F = 0, 
Td„+2 = 0, so F determines a map F : coker5„+2 — > ker5, i. e. from noF„+2 to ;riA'^. Moreover r;ro(<i„+2) = 
0, so it is a cocycle in ¥lom{noiF,), niN) and we define 

d(2)\.c] = [f] € Ext;^J(;roM,;riiV). 

(3.5) Definition. Let M and be B-modules with E-structure. Then also all the B-modules E*M, 
have E- structures and we get by 3.4 the secondary differential 

BxfJnoM, noE^N) W^^aO ^ Ext":J(;roM, ;riS*JV) 



In case the composite 

Ext"J(7ToM, l.'-'7ToN) ^ Ext«^^(7roM, Y^n^.N) ^ Exi^HinQM, ll^^'n^N) 

vanishes we define the secondary Ext-groups to be the quotient groups 

Ext^(M,A^)* := kcTd/imd. 

(3.6) Theorem. For a 'L-algebra B, a B-module M with 'L-structure and any B-module N, the secondary 
differential d(2) in 3.4 coincides with the secondary differential 

J(2) : Ext^(M,Af) ^ ExC^(M,N) 

from [3, Section 4] as constructed for the L-additive track category (fi-Mod)^ in 2.5, relative to the 
subcategory b of free B-modules with a = b~. 

Proof. We begin by recalling the appropriate notions from [3]. There secondary chain complexes A, = 
{An, dn, 6n)nez are defined in arbitrary additive track category B. They consist of objects A„, morphisms 
dn : An+i — > An and tracks (5„ : dndn+i =^ 0a„^2A„' « g Z, such that the equality of tracks 

Sndn+2 — dn6n+l 

holds for all n. For an object X, an X-valued n-cycle in a secondary chain complex A, is defined to be a 
pair (c, y) consisting of a morphism c : X — > A„ and a track y : d„-ic => Ox^„_i such that the equahty of 
tracks 

6„-2C - d„-2y 
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is satisfied. Such a cycle is called a boundary if there exists a map : X — > A„+i and a track /3 : c d„b 
such that the equality 

y = 5n-\bndn-\l3 

holds. A secondary chain complex is called X-exact if every X- valued cycle in it is a boundary. Similarly it 
is called \i-exact, if it is X-exact for every object X in b, where b is a track subcategory of B. A secondary 
b-resolution of an object A is a b-exact secondary chain complex A, with An — for n < -I, A_i — A, 
A„ e b for n ?t -1; the last differentials will be then denoted cZ-i = e : Aq — > A, 6-\ - e : edo OaiA ^i^d 
the pair {e, e) will be called augmentation of the resolution. It is clear that any secondary chain complex 
{A,,d,,6,) in B gives rise to a chain complex (A,, [t/.l), in the ordinary sense, in the homotopy category 
B~ of B. Moreover if B is E-additive, i. e. there exists a functor L and isomorphisms Aut(Ox,i') = 7], 
natural in X, Y, then b-exactness of {A,,d„ 6.) implies b~-exactness of (A., [<i.]) in the sense that the chain 
complex of abelian groups {X, (A,, [d,])] will be exact for each X e b. In [3], the notion of b~ -relative 
derived functors has been developed using such b~ -resolutions, which we also recall. 

For an additive subcategory a = b~ of the homotopy category B~, the a-relative left derived functors 
L^F, n > 0, of a functor F : B~ — > from B~ to an abelian category s^/ are defined by 

(qF)A = H„{F{A.)\ 

where A, is given by any a-resolution of A. Similarly, a-relative right derived functors of a contravariant 
functor F : B?" — > ^ are given by 

(R»F)A = H"(F(A.)). 

In particular, for the contravariant functor F = [_, B] we get the a-relative Ext-groups 

Ex^(A,B) := (R«[.,B])A = //"([A.,B]) 

for any a-exact resolution A, of A. Similarly, for the contravariant functor Aut(0__B) which assigns to an 
object A the group Aut(OA,B) of all tracks a : Oa,b => Oa,b from the zero map A —¥ * —> Bto itself, one gets 
the groups of a-derived automorphisms 

Aut^(A,B):=(R;;Aut(0.,B))(A). 

It is proved in [3] that under mild conditions (existence of a subset of a such that every object of a is a 
direct summand of a direct sum of objects from that subset) every object has an a-resolution, and that the 
resulting groups do not depend on the choice of a resolution. 

We next recall the construction of the secondary difi"erential from [3]. This is the map of the form 

d(2):Ext^(A,B)^Aut^(0A,B); 

it is constructed from any secondary b-resolution {A,,d„ S„ e, e) of the object A. Given an element [c] £ 

Extl(A, B), one first represents it by an «-cocycle in [(A., [d,]), B], i. e. by a homotopy class [c] e [A„, B] 
with [cdn] = 0. One then chooses an actual representative c : A„ — > of it in B and a track y : =^ cd„. 
It can be shown that the composite track T = c6„nyd„+i e Aut(0A„+2,B) satisfies rd„+\ = 0, so it is an 
(n + 2)-cocycle in the cochain complex Aut(Q(A.,[d.]),B) - [(SA,, ['Zd,]),B], so determines a cohomology 
class di2)([c]) = [F] e Exta^^(2A,fi). It is proved in [3, 4.2] that the above construction does not indeed 
depend on choices. 

Now turning to our situation, it is straightforward to verify that a secondary chain complex in the sense 
of [3] in the track category B-Mod is the same as the 2-complex in the sense of 3 . 1 , and that the two notions 
of exactness coincide. In particular then the notions of resolution are also equivalent. 

The track subcategory b of free modules is generated by coproducts from a single object, so b~- 
resolutions of any fi-module exist. In fact it follows from [3, 2.13] that any fi-module has a secondary 
b-resolution too. 

Moreover there are natural isomorphisms 

Aut(OM,A?) = Hom;roB(^o^^,'riAO. 

Indeed a track from the zero map to itself is a Bo-module homomorphism H : Mq Ni with dH = 0, 
Hd = 0, so factors through Mq -» noM and over mN >-> A^i . 

Hence the proof is finished with the following lemma. □ 
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(3.7) Lemma. For any B-modules M, N there are isomorphisms 

Ext^(M,AO = Ext;;„g(;roM,;roAO 

and 

(R«(Hom,„B(7ro(-),7riA')))(M) = Extl^s{naM,niN). 

Proof. By definition the groups Ext*(M,Af), respectively (RIJ(HomB„(7ro(_),;riA^)))(M), are cohomology 
groups of the complex [F,,N], resp. \{om„^^B{^(){F»),^\N), where F, is some a-resolution of M. We can 
choose for F, some secondary b-resolution of M. Then ni)F, is a free ;roB-resolution of tiqM, which makes 
evident the second isomorphism. For the first, just note in addition that by 1.9 [^'..A'] is isomorphic to 
YiomB^{no{F.),nQN). □ 

4. The track category of spectra 

In this section we introduce the notion of stable maps and stable tracks between spectra. This yields the 
track category of spectra. See also [1, section 2.5]. 

(4.1) Deiuiition. A spectrum X is a sequence of maps 

in the category Top* of pointed spaces. This is an Q-spectrum if r is a homotopy equivalence for all i. 

A stable homotopy class f : X —¥ Y between spectra is a sequence of homotopy classes e [X„ F,] 
such that the squares 

Xi ^ Yi 

r r 

^Xi+\ ^ fiFi+i 

commute in Top*^. The category Spec consists of spectra and stable homotopy classes as morphisms. Its 
full subcategory Q-Spec consisting of Q-spectra is equivalent to the usual homotopy category of spectra 
considered as a Quillen model category. 

A stable map f = ifi,fi)i : X Y between spectra is a sequence of diagrams in the track category 
[Topi a e Z) 

Xi ^ Yi 

r r 

Obvious composition of such maps yields the category 

[Speclo- 

It is the underlying category of a track category |[Spec| with tracks (//:/=> ^) e |[Spec|i given by 
sequences 

Hi : fi ^ gi 

of tracks in Top* such that the diagrams 



gi 
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paste to gi. This yields a well-defined track category |[Spec|. Moreover 

|[Spec|„ = Spec 

is an isomorphism of categories. Let YJ be the groupoid of morphisms X —> Y in |[Spec|o and let 
IX, Yfl be the set of pairs (/, H) where / : X -> F is a map and //:/=> is a track in [Spec], i. e. a 
stable homotopy class of nuUhomotopies for /. 

For a spectrum X let be the shifted spectrum with (S*X)„ = Xn+k and the conomutative diagram 



Xf, 



defining r for A map f : Y ^ Y!^X is also called a map / of degree k from F to X. 

5. The pair algebra ^ and secondary cohomology of spectra as a module 

The secondary cohomology of a space was introduced in [1, section 6.3]. We here consider the corre- 
sponding notion of secondary cohomology of a spectrum. 

Let F be a prime field F = Z/ and let Z denote the Eilenberg-Mac Lane spectrum with 

Z" = Ki¥, n) 

chosen as in [1]. Here Z" is a topological F- vector space and the homotopy equivalence Z" — > QZ"+' is 
F-linear. This shows that for a spectrum X the sets |x, S*zJ^ and |x, S'^zJ^, of stable maps and stable 
0-tracks repectively, are F-vector spaces. 

We now recall the definition of the pair algebra = (d : SS\ — > ^o) of secondary cohomology 
operations from [IJ. Let G = 'Ljp^'L and let 

be the G-tensor algebra generated by the subset 

^ ^|{Sq',Sq2,...} for/, = 2, 

|{P',p2,...}u{y6,ySP\ySP^...} for odd/? 

of the mod p Steenrod algebra . We define by the pullback diagram of graded abelian groups 

V 



(5.1) 



^1 — ^iz,Yrzi\ 

I ^ 



^o^^Krzio 



in which the right hand column is an exact sequence. Here we choose for a e a stable map s(a) : 
Z — > 2'"'Z representing a and we define s to be the G-linear map given on monomials ai • • • a„ in the free 
monoid Mon(£^) generated by E^^ by the composites 

s(ai ■ • - On) - s(ai) ■ • ■ s{an). 

It is proved in [1, 5.2.3] that s defines a pseudofunctor, that is, there is a well-defined track 

T : s{a-b)^ s(a) o s(b) 
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for a,b € SSq such that for any a, b, c pasting of tracks in the diagram 

s(a-b-c) 




s(a-b-c) 



yields the identity track. Now ^\ is a =^o-'^o-bimodule by defining 

a(b, z) - (a ■ b,a • z) 
with a» z given by pasting s(a)z and F. Similarly 

(b, z)a = (b ■ a,z • a) 

where z • a is obtained by pasting zsid) and F. Then it is shown in [1] that £§ = (d : ^o) is a 

well-defined pair algebra with no^ = ^ and E-structure mSS = S^. 
For a spectrum X let 

be the free =^o-niodule generated by the graded set \X, S'ZJq. We define by the puUback diagram 

l^WX 

Y 

d d 

H*X 

where s is the G- linear map which is the identity on generators and is defined on words ai • • • a„ • m by 
the composite s{ai) ■ ■ ■ s{an)s{u) for a, as above and u e \X, E'ZJq. Again 5 is a pseudofunctor and with 
actions • defined as above we see that the graded pair module 

(X) = (jf'(X)i ^ ^(X)o) 

is a ^-module. We call M'{X) the secondary cohomology of the spectrum X. Of course J^iX) has a 
S- structure in the sense of 2.3 above. 

(5.2) Example. Let be the .^-module given by the augmentation <^ ^ G^ in [1]. Recall that G^ is the 
pair 

G^ = e SF G j 

with d\f the inclusion nad dl^jp = 0. Then the sphere spectrum S " admits a weak equivalence of ^-modules 

Jf(5°)^G^. 

Compare [1, 12.1.5]. 
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6. The E3-TERM of the Adams spectral sequence 

We now are ready to formulate our main result describing the algebraic equivalent of the Ea-term of the 
Adams spectral sequence. Let X be a spectrum of finite type and Y a finite dimensional spectrum. Then for 
each prime p there is a spectral sequence E, =Et(Y, X) with 

E. ^ [YXX]p 

E2 =Ext^iH*X,H*Y). 

(6.1) Theorem. The E-i-term E3 = E3(7, X) of the Adams spectral sequence is given by the secondary Ext 
group defined in 3.5 

E3 =Ext<^(^*X,^*F). 

(6.2) Corollary. IfX and Y are both the sphere spectrum we get 

£3(5", 5") = Ext®(G^,G^). 

Since the pair algebra ^ is computed in [1] completely we see that E-i{S^,S'^) is algebraically deter- 
mined. This leads to the algorithm below computing E^{S^,S^). 

The proof of 6.1 is based on the following result in [1]. Consider the track categories 

b c [Spec] 

b' c {S8-MoAf 

where |[Spec| is the track category of spectra in 4. 1 and (.^-Mod)^ is the track category of .^-modules 
with E-structure in 2.3 with the pair algebra ^ defined by (5.1). Let b be the full track subcategory of 
|[Spec| consisting of finite products of shifted Eilenberg-Mac Lane spectra S*Z*. Moreover let b' be the 
full track subcategory of (^-Mod)^ consisting of finitely generated free .^-modules. As in [3, 4.3] we 
obtain for spectra X, 7 in 6.1 the track categories 

{y,X)b c [Specl 

b' {^X, M'Y] c (^-Mod)^ 

with {F, X} b obtained by adding to b the objects X, Y and all morphisms and tracks from \X, ZJ, \Y, ZJ for 
all objects Z in b. It is proved in [1, 5.5.6] that the following result holds which shows that we can apply 
[3,5.1]. 

(6.3) Theorem [1]. There is a strict track equivalence 

({F, X\ b)°P ^ b' { X, F) . 

□ 

Proof of 6.1. By the main result 7.3 in [3] we have a description of the differential <i(2) in the Adams 
spectral sequence by the following commutative diagram 

Ext^„p(X, YT Ext^:p2(X, YT^^ 

d 

Ext"^iH*X,H*Y)"' Ext2;^(H*X,//*y)'"+i 

where a = b~. On the other hand the differential d(2) defining the secondary Ext- group Ext^{JifX, JfY) 
is by 3.6 given by the commutative diagram 

Ext" (Jf X, JifY)"" > Ext^,-'^(^X, JifY)"'^^ 



Exf^iH*X,H*Y)"' > Ext"^HH'X,H*Y)'"^'^ 

where a' = bL Now [3, 5.1] shows by 6.3 that the top rows of these diagrams coincide. □ 
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7. The multipucation map of S§ 

We recall notation G = Z/4Z, F = F2 = Z/2Z from [1]. The quotient homomorphism G ^ F will be 
denoted by n and the isomorphism F = 2G by /. Moreover we will need the set- theoretic section : F G 
of n given by ;if(0) = 0, ^(1) = 1. In the pair algebra ^ - {d : SS\ ^ <^o)> recall that ^0 is the graded free 
associative G-algebra on the generators Sq" of degree n, for n > 1; there is thus a surjective homomorphism 
of graded algebras n : ,^0 ^ ^ onto the mod 2 Steenrod algebra. Its kernel is denoted by R, so that we 
have the short exact sequence 

It is well known that /? is a graded two-sided ideal generated (as a two-sided ideal, i. e. as a ^o-=^o- 
bimodule) by 2^o and by the Adem elements 



min(Z7- 1 , [ I ] ) . , 
*:=max(0,a-fe+l) ^ ' 



for < a < 2b. As shown in [1], one can generate as a right ^o-module by 2 e and the admissible 
relations Sq"' Sq"'-' • ■ • Sq"' [ao, ^1 g with a^+i > laj for all A; > 7 > and ao < 2fo. 

As for the rest of the structure of as an abeUan group, ^\\s,R® S^, that is, 

=/?"®^"-\ 

and d is the projection. Moreover the ^o-bimodule structure of ^1 is given by 

{r,d)b = {rb,an{b)) 

and 

b(r, a) = {br,A(n(b), r) + n(b)a), 

where 

A : ^®/? -> ^ 

is the multiplication map of degree - 1 described in [ 1 ] . Algebraic properties characterizing the multipli- 
cation map A are achieved in [1, theorem 16.3.3]. In [1, section 16.6] an algorithm is obtained which 
computes the multiplication map A. 

Particular important elements of ^1 get special notation; e. g. we have [2] := (2,0) E ffi = 
and 21 := (0, 1) e ® = This pair algebra has an augmentation e : ^ -> G^, where G^ = 
((/, 0) : F ® 2F ^ G) is the graded .^-module equal to i : F s 2G c G in degree 0, to F ^ in degree 1 
and zero in all other degrees. Components of e are the augmentation eo : <^o — > G and the homomorphism 
ei : /? ® S^/ ^ 2G ® SF given by (r, a) ^ {eo{r), e{a)). 



8. The algoriihm for the computahon of d(2) on Ext^(F, F) in terms of the multipucation maps 

Suppose now given some projective resolution of the left ^ -module F. For definiteness, we will work 
with the minimal resolution 

(8.1) F ^ ^ {gf) ^ ^ {gf \n>0)^^ {gl^^' \\i-j\*l)^ 

where g^, d > m, is a generator of the w-th resolving module in degree d. Sometimes there are more than 
one generators with the same m and d, in which case the further ones will be denoted by 'g^, "g'l^, ■ ■ ■ . 
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These generators and values of the differential on them can be computed effectively; for example, 
digf) = Sq^" and d{g'^) = Sq^ g^-v moreover e. g. an algorithm from [4] gives 

digl) = Sq'g\+Sq^Sq'gl + Sq'gt 

d{gl) = Sq^gj + {SqUSq^Sq')gt 

d{g\) = Sq« ^1 + (Sq5 + Sq^ Sq')g', + Sq> gl 
dig"^) = (Sq« + Sq' Sq2 Sq')g] + (Sq' Sq> + Sq^ Sq^)^^ ^ ^^2 ^8 
d{gl^) = (Sq'' + Sq^ Sq' Sq> + Sq« Sq^ Sq')g', + (Sq« + Sq^ Sq> + Sq« Sq^)^^ 

d(gl)^Sq'gl + Sq^gt + Sq'gl 
digl'') = Sq« gl + (Sq^ + Sq4 Sq')gl + Sq' gl 
d(gl') = (Sq^ + Sq" Sq2 Sq')^^ + Sq" gl + Sq^ Sq' gl 

d(gl^) = Sq' gl + (Sq" Sq^ + Sq' Sq\l + (Sq'* + Sq^ Sq')g| + Sq^ gl + Sq^ gl' 
digl') = Sq*^ gl + (Sq' + Sq^ Sq')gl + Sq' 

d(g\') - Sq** Sq2 gl + (Sq' + Sq' Sq^ Sq')gl + Sq^ Sq' g^' + Sq^ g^' 

d(gl') = Sq''gt + Sq'Sq'gl' 

d(gl') = Sq''gt + Sq'Sq'gl'+Sq'gl' 

d(gl') = Sq''gl+Sq'gl' 

etc. 

By understanding the above formulae literally (i. e. by applying x degreewise to them), each such 
resolution gives rise to a sequence of ^-module homomorphisms 

(8.2) G^^£g (gO) ^ ^ {gf \n>0)^^ {gl^^' 

which is far from being exact — in fact even the composites of consecutive maps are not zero. In more 
detail, one has commutative diagrams 



G-^^°^°- 0- 

in degree 0, 

F ^ R'gl e s^hl rV, < - 

^ 3§lgl ^ ^oVl ^ 
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in degree 1, 



0- 

in degree 2, .. 



/«-l„0 \0d> 



0«2 



)2.<„-l-^""'"''^l 



0- 



in_0 



©2'<n =^0 ^ ^1 



in degree n, etc. 

Our task is then to complete these diagrams into an exact secondary complex via certain (degree pre- 
serving) maps 

6m = (^5) ■ {Sl.i \n)^iR® iC I n) . 

Now for these maps to form a secondary complex, according to 3.1.1 one must have 86 - dodo, 58 = 
d\d\, and di6 = Sdo. One sees easily that these equations together with the requirement that 6 be left 
.^0 -module homomorphism are equivalent to 

(8.3) 5* = dd, 

(8.4) 6^(bg) = n(b)6^(g) + A(n(b), dd{g)), 

(8.5) d6'^ = S'^d, 

for b G 3§o, g one of the g1^, and A{a, rg) := A(a, r)g for a e r G R. Hence 6 is completely determined 
by the elements 

k 

which, to form a secondary complex, are only required to satisfy 

d6^(gl,2)=6t,d{Ml,2), 

where on the right 6^_^ is extended to ^o {g*m+\) "^i^ 8.4. Then furthermore secondary exactness must hold, 
which by 3. 1 means that the (ordinary) complex 

^ .^0 {glr-x) ®iR® S^) ^ ^0 {gm) ®iR® {C-l) ^ -^0 ®{R® 2^) {g'J ^ 

with differentials 



dmdm+1 d, 

I 55 d. 



« ) : ^o{g'm.2)®R{8'm.l)®^^{g',n.l) ^ ^0 fc.l) ® (g;) 



) 



is exact. Then straightforward checking shows that one can eliminate R from this complex altogether, so 
that its exactness is equivalent to the exactness of a smaller complex 

with differentials 

Note also that by 8.4 6^ factors through n to give 

S„:^{g'„,2)^^^(8'm)- 
It follows that secondary exactness of the resulting complex is equivalent to exactness of the mapping cone 
of this 6, i. e. to the requirement that 5 is a quasiisomorphism. On the other hand, the complex (,g/ (g*) , d,) 
is acycUc by construction, so any of its self-maps is a quasiisomorphism. We thus obtain 
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(8.6) Theorem. Completions of the diagram 8.2 to an exact secondary complex are in one-to-one corre- 
spondence with maps 6m '■ (^m+i) ~* ^Sm) satisfying 

(8.7) ddg = 6dg, 
with 6{ag)fora e defined by 

6(ag) = a6(g) + A(a, ddg) 
where A(a, rg) for r € Ris interpreted as A{a, r)g. 

□ 

We can use this to construct the secondary resolution inductively. Just start by introducing values of 

5 on the generators as expressions with indeterminate coefficients; the equation (8.7) will impose linear 
conditions on these coefficients. These are then solved degree by degree. For example, in degree 2 one 
may have 

6{g\) = nl{Sc^')Sc^Ul 
for some 772(Sq') e F. Similarly in degree 3 one may have 

Then one will get 

dSisl) = nliSq') Sqi d(g\) + Tjl(l)d(gl) = r]l(Sq') Sq' Sq' + tjI(1) Sq^ = rjlW Sq' g°o 

and 

6d{gl) = 6iSq' gl) 

= Sqi 6igl) + AiSq\ddigl)) = rjliSq') Sq' Sq' g'^ + A(Sq\ J(Sq' g\)) = A(Sq', Sq^ Sq> g°) = 0; 

thus (8.7) forces 77^(1) = 0. 

Similarly one puts dig^) = l^m-2id'<ci-i 2a '7m(^)^^m-2' ^ running over a basis in and then 

substituting this in (8.7) gives linear equations on the numbers r/'^ia). Solving these equations and choosing 
the remaining 77's arbitrarily then gives values of the differential 5 in the secondary resolution. 

Then finally to obtain the secondary differential 

d(2) ■■ Ext"^(F,F)'" ^ Ext"^2(F,F)"+' 

from this 6, one just appUes the functor Hom^(_, F) to the initial minimal resolution and calculates the map 
induced by d on cohomology of the resulting cochain complex, i. e. on Ext^(F, F). In fact since (8.1) is a 
minimal resolution, the value of Hom^(_, F) on it coincides with its own cohomology and is the F-vector 
space of those Unear maps ^ (gl) — > F which vanish on all elements of the form agl with a of positive 
degree. 

Let us then identify Ext^(F, F) with this space and choose a basis in it consisting of elements g^ defined 
as the maps sending the generator g"^ to 1 and all other generators to 0. One then has 

The right hand side is nonzero precisely when g'^ appears in dig"^,) with coefficient 1, i. e. one has 

d(2)igi) = Z Ci- 

gj^ appears in ^(^^^t ) 

For example, looking at the table of values of 6 below we see that the ffist instance of a g"^ appearing 
with coefficient 1 in a value of J on a generator is 

Sigl') = g\' + Sqi^ gt + Sqi° Sq^ gl + (Sq' Sq^ Sq^ + Sq^" Sq^ + Sq" Sq^. 

This means 

da)(g\') = g3 

and moreover d(2)igi,) - for gii with d <ll (one can check all cases for each given d since the number 
of generators g^ for each given d is finite). 
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Treating similarly the rest of the table below we find that the only nonzero values of d(2) on generators 
of degree < 36 are as follows: 



d(2)igf 

d(2>(8f 

d(2)igf 
d(2)i8f 
d(2){8r 
d(2)i8f 
di2){0 
d(2)i8f 
d(2)i'8f 



= sf 

= &24 

= sf 

= 8T 

8 10 
= g 

~ ^10- 



d(2)(rfr 

Presently a computer calculation continues reaching degree 39 and showing that up to that degree there are 
the following further nonzero difl^erentials: 

d(2)(8f) =8f 

d(2)(8f) ^Sil 

These data can be summarized in the following picture, thus confirming calculations presented in Ravenel's 
book [6]. 



s • o o\ • • o • 



• • • 

• • • 

• • • 



• • • • 
■ • • • 

• • • • 



■ • \ ■ • • ■ • 

• • • • B • • • • • 

i*^-:*: : : : : 



j>\ • • • • 

o\g> ■ • • 



d — m 



9. The table of values of the differential 6 in the secondary resolution for 

The following table presents results of computer calculations of the difi'erential 6. Note that it does 
not have invariant meaning since it depends on the choices involved in determination of the multiplication 
map A, of the resolution and of those indeterminate coefiicients rj^ia) which remain undetermined after the 
conditions (8.7) are satisfied. The resulting secondary difl^erential d(2) however does not depend on these 
choices and is canonically determined. 





= 




= 




= 


Si8t) 


= 


Si8p 


= 




= 


S(8t) 
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= 

= 

= 
= 

= 
= 

= 

= (Sq^Sq2Sq'+Sq^)g2 
= 



= (Sq^Sq'+SqV 
+ Sq^Sq3^[ 



= 



= Sq'Sq'g\ 
= 

= Sq'*^^ 

+(Sq^ + Sq5 Sq\l 

+(Sq' + Sq'Sq^)gl 

+iSq^ Sq^ + Sq* Sq^ + Sq^°)gl 

= 

= Sq4Sq2Sqigj 
+(Sq^Sq3+Sq%2)^3 

= 

= 

= Sq3^f 
+ Sq^ii 
+ Sq'gl° 
+ Sq''Sq^gl 
= 

= 

= ^16 

+ Sq'2gl 
+ Sq^0Sq4g2 

+(Sq' Sq4 Sq2 + Sq'" Sq^ + Sq" Sq"*)^] 

= (Sq5 + Sq4Sq')gi' 
+(Sqi2^SqiOSq2)g4 



= 



= (Sq" Sq"^ + Sq*^ Sq"^ Sq^ Sq')^^ 

+(Sq'0 Sq^ Sq2 + Sq" Sq^ + Sq'^ Sq'* + Sq^'^ Sq^ + Sq'^)^j 
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<5tef) =(Sq^Sql+Sq^)^l« 

+(Sq'' Sq^ + Sq^ Sq^ + Sq'')^^ 
+ Sq'^SqV^ 

H-CSq'" Sq2 Sq' + Sq'^ + Sq" Sq^ + Sq'^ Sqi)^4 
+(Sq'' Sq'* Sq2 + Sq'^ + Sq^^ Sq^ + Sq'° Sq^)g| 

+(Sqio + Sq«Sq2)^» 
+ Sq"Sq2^5 

+(Sq" Sq2 Sq' + Sq'^ Sq' + Sq^ Sq'' Sq^ + Sq'^ Sq^ Sq')^^ 
+(Sq"' Sq2 + Sq'" Sq'' Sq^ + Sq'^ Sq")^^ 
Sigf) =Sq'^'^ 

+ Sq4Sq2gf 

+ Sq^Sq2Sq'^|i 

+(Sq«Sq2 + Sq^)g^'' 

+(Sq** Sq'' + Sq"Sq')g^ 

+(Sq'^ Sq2 + Sq'° Sq^ + Sq'^ + Sq" Sq'')^^ 

6(gf) =0 

6igf) =(Sq'5 + Sq''Sq4Sq2)gt 

+(Sq'2 Sq5 + Sq'^ Sq" + Sq"^ Sq')^^ 

+(Sq" Sq^ Sq2 + Sq'^ Sq^ + Sq'^ + Sq'^ Sq'^)gJ 
,5(^20) =Sq"Sq2Sq'g^2 

+(Sq^Sq'+Sq\'' 

+(Sq'" Sq^ + Sq** Sq" Sq' + Sq'^ + Sq" Sq^)^^ 
+(Sq'^^ Sq^ + Sq'" Sq" Sq^ + Sq" Sq^ + Sq'^ Sq")^^ 
Si'gf) =Sq5Sq2^f 
^Sq^Sq^^^O 

+(Sq'2 Sq' + Sq'" Sq^ + Sq*^ Sq" Sq' + Sq'" Sq^ Sq' + Sq" Sq^)^^ 
+(Sq'" Sq2 + Sq'^ Sq^ + Sq" Sq^ + Sq'^ + Sq'^ Sq")g^ 

6{gf) ^CSq'-Sq^ + SqV' 

+(Sq'^ Sq2 + Sq'5 + Sq" Sq")^ 

6{gf) = (Sq'5 Sq2 Sq' + Sq'^ Sq' + Sq'^ Sq ^ 

+(Sq'^ Sq" Sq2 + Sq'^ Sq" + Sq'* Sq^ + Sq''' Sq^ + Sq'^)gj 
6{gf) =Sq'gl' 

+(Sq"' + Sq''Sq')^'« 

+(Sq''Sq3+Sq"Sq')g^ 

+(Sq" + Sq'3 Sq2 + Sq'" Sq^)^^ 

+(Sq'^ Sq2 Sq' + Sq'^ Sq^ Sq' + Sq'^ Sq" + Sq^ Sq" Sq^ Sq' + Sq"' Sq" Sq^)^^ 
H-CSq'*" Sq2 + Sq'2 Sq'^ + Sq'^ Sq^)^^ 
Sigf) =(Sq' + Sq*Sq')^13 
+(Sq'' + Sq«Sq')^l' 
+ Sq"Sq5g^ 

Sigf) =Sq"gt 

+(Sq'* Sq^ Sq' + Sq'^ Sq"^ + Sq'^ Sq" Sq^ Sq' + Sq'^ Sq*^ Sq')^^ 
+(Sq'2 Sq5 Sq2 + Sq''' Sq^ + Sq'^ Sq^ + Sq'" Sq" Sq^)^} 
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+(Sq'2 + Sq''Sq3)^^ 

+(Sq'' Sq'* + Sq'^^ + Sq** Sq"* Sq')g^ 

+ Sqi2Sq4g^ 
+ Sql^Sq2^4 

+(Sq'^ Sq"* Sq2 + Sq^'' + Sq'^ Sq*" + Sq^^* Sq^)^^ 
SCgf) =Sq2Sq'^>« 

+(Sq'^Sq4 + Sq'2)^^ 
+(Sq''Sq'* + Sq'^ + Sq'2Sq')g^ 
+(Sq^6 + Sq'3Sq3)g^ 

+(Sq^^ Sq2 + Sq'*" Sq' + Sq'^ Sq'* + Sq" Sq"* Sq^)^^ 

H-CSqi"* Sq5 + Sq''' + Sq'^ Sq^)^^ 

6{gf) = (Sq' Sq2 + Sq^ Sq^ Sq^ + Sq^ Sq^)^!^ 

+ Sq'° + (Sq' Sq2 + Sq^ Sq^ + Sq")^^^ 

+(Sq'4 Sq' + Sq" Sq^ Sq' + Sq'^ Sq^ + Sq'^ Sq^)^^ 
+ Sq"Sq5^3 

S{gf) -gf 

+(Sq^Sq2 + Sq^ + Sq'Sq')g^3 

+ Sq'Vi' 

+(Sq'3 Sq"* + Sq'^ Sq^ + Sq'')^ 
6{gf) = (Sq'3 Sq3 + Sq'^ Sq^ + Sq"^)^^ 

Sigf) =Sq4g'** 

+ Sq''Sq3 Sq'gf 
+(Sq'°Sq'+Sq")g^' 
+(Sq** Sq'* + Sq' Sq^)^f 

+(Sq'^^ Sq^^ + Sq'^ Sq' + Sq' Sq'' Sq^ Sq' + Sq" Sq^ + Sq"* Sq^ + Sq'^ Sq'')^^ 
+(Sq'^^ Sq^ + Sq'3 Sq^^ + Sq'^ Sq'')^^ 



+(Sq'" Sq' + Sq" + Sq** Sq^)^^' 

+(Sq'6Sq2 + Sq'4SqV 
6{gf) =(Sq^ + Sq4Sq2)g^« 

+ Sq'Sq'^^4 
+ Sq'^Sq^^5 

Sigf) =Sq5gi^ 

+(Sq'4Sq2 + Sq'3 Sq^)^^ 

6{gf) =Sq"Sq4g? 

+(Sq" + Sq''Sq2)g4 

+(Sq'^ Sq"* Sq' + Sq"* Sq"* Sq^ Sq' + Sq" Sq"* + Sq^')gJ 

+(Sq'5 Sq' + Sq"* Sq^ Sq^ + Sq'^ Sq"* + Sq^^ + Sq20 + Sqis Sq^ Sq^)^} 

S{g^:) =Sq^gf 

+(Sq'^ Sq' + Sq'" Sq^ Sq' + Sq' 
+(Sq'2 Sq2 + Sq** Sq'' Sq^ + Sq" Sc^)gl 
+(Sq'^ Sq^ + Sq'" Sq')g^ 

+(Sq'2 Sq"* Sq2 + Sq'^ Sq^ + Sq'^ Sq*" + Sq'" Sq" + Sq" Sq^ Sq^ + Sq'^ Sq^ + Sq'^ Sq^)^^ 
+(Sq'^ Sq" + Sq" + Sq'" Sq" Sq' + Sq'^ Sq^ + Sq'^ Sq' + Sq'^ Sq" Sq^ + Sq'^ Sq^ Sq' 

+ Sq" Sq^ + Sq'^Sq* Sq')^^ 
+(Sq'^ Sq^ + Sq'" Sq^ Sq^ + Sq'^ Sq^ + Sq'^ Sq* + Sq'^ Sq* Sq^ + Sq'^ Sq" Sq^ + Sq^')^^ 
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23 

+(Sq5Sq2 + Sq^)^i6 
+(Sq'' + Sq'^Sq')^14 

+(Sq'2 Sq^ + Sq^^ Sq^ + Sq'^ Sq^ + Sq''^ Sq'*)^^ 



•Sq^Sq^ + Sq'^SqV 



+ ^^'gf 
+ Sq^gl^ 

H-CSq** Sq"^ + Sq^ Sq^ Sq' 
+(Sq'' Sq"^ + Sq'° Sq^ Sq' + Sq'^ Sq')^^' 
+(Sq'° Sq5 Sq2 Sq' + Sq'^ Sq^ + Sq'^ Sq^ + Sq'^ + Sq'^ Sq"* Sq' + Sq'^ Sq^ + Sq" Sq' 

+ Sq"* Sq"* + Sq'^ Sq^)g^ 
+(Sq'** Sq^ + Sq'^ Sq^ + Sq'* Sq^)^^ 
&ig^i) =Sq^gl^ 



Sigf) 



6igf) 



S{g\ 



26) 



= (Sq4Sq2Sq'+Sq«Sq')^i« 
+(SqHSq^Sq2)g^^ 

+(Sq'^ + Sq"* Sq' + Sq*^ Sq'' Sq^ Sq')^^° 
+(Sq'2Sq4 + Sq'4Sq2)g^ 

+(Sq'^ Sq"* + Sq'" Sq^ + Sq'° Sq^ Sq^ + Sq'^ Sq^)^^ 
+(Sq"' Sq^ + Sq'^ Sq^ + Sq'^ Sq^ + Sq'^ Sq^ Sq^)^^ 
+(Sq'^ Sq2 Sq' + Sq^" Sq' + Sq''' Sq'* + Sq'"* Sq^ + Sq'^ Sq* Sq^ 



Sq'^Sq' + Sq'^Sq'^)^" 



+(Sq'^ Sq* + Sq'" Sq^ Sq^ + Sq'*^ Sq" + Sq'* Sq^ Sq^ + Sq'" Sq* Sq^ + Sq'^ Sq* Sq^ + Sq^^ Sq^ 



+ Sq'^Sq"Sq^)g2 

Sq^^f 
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+ Sq^ Sq^g^ 



+ Sq-'Sq2g^7 



Sq**Sq"Sq')^12 



+(Sq"'Sq2Sq' +Sq'"Sq^- 

+(Sq'^ Sq2 + Sq" Sq" + Sq^ Sq" Sq^ + Sq'^^ Sq^ + Sq"' Sq^)^^^ 

+(Sq'^ Sq2 + Sq" Sq^ Sq^ Sq' + Sq'* Sq^ Sq' + Sq''' + Sq'^ Sq" 

+ Sq'2 Sq" Sq2 Sq' + Sq'^ Sq^ Sq^)^* 

+(Sq"^ Sq" + Sq'" Sq* Sq^ + Sq'* Sq* + Sq'^ Sq^ + Sq'^ Sq^ 

= Sq3'gf 
+ Sq3gf 

+ Sq"gf 
+ Sq*^i9 

+(Sq'° Sq2 + Sq'* Sq^ Sq' + Sq'^)^^ 
+(Sq'^ Sq' + Sq'" + Sq" Sq^ + Sq'^ Sq^)^' 
+(Sq'' Sq" + Sq'^ Sq* + Sq"^ Sq^ + Sq^')^^ 
= (Sq*Sq'+Sq"Sq2Sq')^i« 
+(Sq'5SqHSq'*Sq2)^:5 



Sq'"Sq"Sq' 
Sq'3Sq*Sq3)g3 



• Sq'2 Sq* Sq' 



S{g. 



21^ 



= Sq"Sq2^f 
+(Sq'Sq2 + Sq^)^i7 
+ Sq'^^* 

+(Sq'2 Sq" + Sq" Sq" Sq' + Sq'^ Sq^ Sq' + Sq'*)gf 
+(Sq'' + Sq'" Sq5 Sq^ + Sq'^ Sq" + Sq'^ Sq^ + Sq'^ Sq^)^' 
+(Sql2Sq"Sq2 + Sq'" Sq")^^ 

+(Sq'^ Sq* + Sq''' Sq^ + Sq'^ Sq* Sq^ + Sq'^ Sq* Sq^)^^ 

+(Sq'^ Sq" Sq' + Sq'^ Sq* Sq^ Sq' + Sq^" Sq^ + Sq'^ Sq^ + Sq'" Sq'' Sq')^^ 

+(Sq'5 Sq* Sq^ + Sq'^ Sq* + Sq'* Sq^ + Sq^" Sq" + Sq'^ Sq" Sq^ + Sq'^ Sq'' Sq^)^^ 
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6igf) =(Sq«Sq'+Sq^)g20 

+(Sq'2 Sq2 Sq^ + Sq^ Sq"* Sq^ + Sq^ Sq"* Sq^ Sq^ + Sq" Sq^ Sq^ + Sq'^ + Sq^"* Sq^ + Sq'^ Sq\l 
+ Sql2Sq4gl' 

+(Sq''* Sq^ + Sq" Sq"* Sq^)^^ 

H-CSq'"* Sq'* Sq2 Sq' + Sq^^ Sq*" + Sq^^ + Sq'^ Sq*" Sq^ + Sq''' Sq^ + Sq^** Sq^ + Sq^^ Sq"* Sq^ 

+ Sqi^ Sq"* + Sq'"* Sq^ Sq^ + Sq'^ Sq^ Sq' + Sq'^ Sq* Sq^ + Sq'"* Sq^ + Sq'^ Sq"^ Sq^ Sq')g^ 
+(Sq2° Sq"* + Sq^ + Sq'^ Sq* + Sq'^ Sq'' Sq^ + Sq'* Sq^)^^ 
S(gf) -Sq^f 

+(Sq2« + Sq'**Sq2)g^ 

6igf) -Sq^Sq^gf 

+(Sq^Sq'+Sq*Sq2)gf 
+ Sq'^f 

+(Sq"+Sq^Sq2)^^^ 

+(Sq'2 Sq'' + Sq' Sq'' Sq^ Sq' + Sq'* + Sq'" Sq" Sq^ + Sq'^ Sq^ Sq' + Sq'^ Sq' + Sq'" Sq^)^^^ 
+(Sq'^ + Sq'*Sq')g^i 

+(Sq" Sq^ Sq2 + Sq'^ Sq" Sq^ + Sq'^ Sq^ + Sq'**)^^" 

+(Sq''* Sq2 Sq' + Sq'^ Sq* Sq' + Sq'^ Sq" Sq^ Sq' + Sq'" Sq^ Sq^ Sq' + Sq'^ Sq* Sq^ Sq' 

+ Sq'^ Sq^ Sq2 + Sq'^ Sq"* + Sq'** Sq^ + Sq^^)^* 

+(Sq'* Sq* Sq3 + Sq^^ Sq^ + Sq'^ Sq* Sq^ + Sq'^ Sq^ Sq^ + Sq'* Sq^ Sq^ + Sq'^ Sq^ Sq^ 
+ Sq"Sq*)^3 

Sigf) = (Sq'^ Sq2 Sq' + Sq" Sq" + Sq'^ Sq^ + Sq'" Sq' + Sq'^ + Sq" Sq^ Sq')^^ 

+(Sq'2 Sq^ + Sq'^ Sq^ + Sq'^ Sq" + Sq'* Sq' + Sq'^ + Sq" Sq" Sq^ + Sq'" Sq^)^^' 
+(Sq'^ Sq^ Sq2 + Sq^^ + Sq'^ Sq^ Sq^ + Sq"* Sq" Sq^ + Sq^" Sq")g^ 

Sigfo) =(Sq^+Sq"Sq')gf 
+(Sq'^Sq2 + Sq2'^)g^ 

+ Sq"Sq2^f 

+ Sq''gf 
+ SqVf 

+ Sq9'gf 

+ Sq«Sq2g^' 

+(Sq'° Sq^ + Sq" Sq^)^^* 

+(Sq'^ + Sq'2 Sq2 Sq' + Sq'" Sq^ + Sq** Sq" Sq^ Sq')^^" 
+(Sq2' Sq^ + Sq''^ Sq^ + Sq"* Sq* + Sq'^ Sq^ + Sq^^ Sq^ + Sq^")^^ 
6{gf) =Sq2Sq'gf 
+ Sq*gf 

+(Sq* Sq' + Sq" Sq2 Sq')^f 
+(Sq^ Sq2 + Sq** Sq' + Sq* Sq^)^^ 
+(Sq"' Sq2 + Sq'' Sq^ + Sq** Sq")g^^ 
+(Sq'3 + Sq'2 Sq' + Sq'° Sq^ Sq')g^* 

+(Sq^' Sq^ + Sq'^ Sq* + Sq'^ Sq^ + Sq'* Sq^ + Sq'"' Sq" Sq^)^* 
5(^30) =SqHq'gf 
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+(Sq^Sq2Sql+Sq^ Sq')gf 
+(Sq' Sq^ + Sq'" + Sq** Sq^)^^ 

+(Sq^ Sq4 Sq2 + Sq'° Sq' + Sq'"* + Sq" Sq^ Sq')^^^ 

+(Sq'^ Sq5 Sq2 + Sq^^ + Sq2i Sq^ + Sq^"* + Sq"^ Sq*" + Sq''' Sq')gl 

+ Sq^Sq2g24 

+(Sq'^ Sq' + Sq"^ Sq^ Sq' + Sq^)^f 
+(Sq'2 + Sq** Sq"* + Sq^ Sq^ Sq^)g}f 
+(Sq2''Sq3+Sqi«Sq5)g^ 

S(gf) =0 

+ Sq'gf 

+(Sq« Sq'+Sq'+Sq«Sq3)'gf 

+ Sq'Sq^gf 
+(Sq"' + Sq**Sq2)^2' 

+(Sqi2 + Sq**SqV' 
+ Sq'3gi** 

+(Sq'^ Sq2 + Sq'^ Sq' + Sq" Sq^ + Sq'^ Sq"* Sq^ + Sq'^ Sq^ Sq' + Sq'"* Sq^ Sq')^^^ 
+(Sq'^ Sq"* Sq' + Sq"* Sq* + Sq'* Sq"* + Sq"* Sq"* Sq^ + Sq'^ Sq* Sq^ + Sq'^ Sq* Sq')^^' 
+(Sq^'^ Sq2 + Sq''^ Sq^ Sq^ + Sq^" Sq^ Sq^ + Sq" Sq* Sq^ + Sq'^ Sq' + Sq^'')^* 
S(gf) =Sq'gf 
+ Sq'gf 

+(Sq" Sq2 + Sq'^ Sq' + Sq** Sq"* Sq' + Sq'* Sq"*)^'** 
+(Sq'** Sq"* Sq2 + Sq^' Sq^ + Sq^^ Sq^ + Sq^"* + Sq^" Sq^)g] 
Si'gf) =(SqVSq5Sq2)g24 
+ Sq«gf 

+(Sq'* Sq'' Sq' + Sq'° Sq^ Sq')gf 

+(Sq"^ Sq" Sq2 + Sq'"^ Sq^ + Sq^^ Sq^ + Sq^" Sq")^^ 

+ Sq'gf 

+(Sq^Sq'+Sq*Sq2)^f 
+(Sq2' Sq2 + Sq'' Sq'' + Sq^^)^^ 

S(gl') =0 
Sigf) =gf 

+ Sq^Ul 

+(Sq2^ + Sq25 Sq^)g1 

H-CSq^' Sq' + Sq^° + Sq^^ Sq^ + Sq^^ Sq' + Sq^^ Sq^ + Sq^^ Sq* Sq' + Sq^^ Sq"* Sq^ Sq')^^ 
+(Sq^'' Sq^ + Sq2° Sq** Sq^ + Sq^^ Sq^ Sq^ + Sq^^ Sq"* + Sq^' Sq^ Sq^ + Sq^' Sq^ Sq^ + Sq^* Sq^ 
+ Sq^** Sq^ + Sq" Sq' Sq^ + Sq^^ Sq* + Sq" Sq** Sq'*)g| 
6{gf) =Sq'Sq'gf 
+ Sq'gf 

+(Sq^ Sq2 + Sq** Sq' + Sq* Sq^ + Sq* Sq^ Sq')^f 
+ Sq«Sq2^f 

+(Sq^ Sq'' + Sq"Sq')gf 

+ Sq'0Sq2'g20 

+(Sq'3 Sq^ + Sq'^ Sq^ Sq')^^'' 

+(Sq'^ Sq* Sq^ + Sq'^ Sq^ Sq^ + Sq''' Sq^ Sq^ + Sq^^ Sq^ + Sq^^ Sq" + Sq" Sq* Sq^ 
+ Sq'^Sq')^5 
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+(Sq^Sq2 + Sq'' + Sq''Sq^)^23 
+(Sqio + Sq«Sq^)g22 
+ Sq"g^i 

+(Sq^ Sq'^ + Sq'" Sq^)gf 

+(Sq'^ Sq2 + Sq" Sq"* + Sq'" Sq^ + Sq"* Sq"* Sq^ + Sq^^)g^^ 
+(Sq'5 Sq' + Sq'^ Sq^ Sq' + Sq^ Sq"^ Sq^ Sq')^'* 
+(Sq20 Sq^ + Sq'^ Sq^ + Sq^' Sq^ Sq^ + Sq^' Sq^ + Sq^^ Sq^)^^ 
Sisll) =(Sq' + Sq''Sql)^25 
+(Sq'' + Sq'^ Sq')gf 
+ Sq''>Sq'gl 

Sigl") =(Sq2'Sq'^+Sq22Sq^Sq2)gt 

+(Sq''^ Sq** Sq"^ + Sq^^ Sq^ + Sq'*^ Sq^ Sq"* Sq^ Sq^ + Sq^' Sq^" + Sq^ Sq'' Sq^ Sq^ + Sq^" Sq^ 

+ Sq2i Sq^ Sq2 Sq' + Sq^" Sq^" Sq' + Sq^^ Sq^ Sq')^^ 
+(Sq25 Sq^ + Sq22 Sq*^ Sq^ + Sq^^ Sq^ Sq^ + Sq^" Sq^ + Sq^° Sq^ Sq^ + Sq^'' Sq^ + Sq^^ Sq*- Sq^ 

+ Sq^^ Sq** + Sq^" Sq^ Sq'' + Sq^^ Sq^ Sq^ + Sq^^ Sq'' Sq^ + Sq^^ Sq^ Sq"* Sq^ + Sq^" Sq^" Sq^ 

+ Sq24Sq'* + Sq^2^^; 
5('g34) ^ (Sq26 ^ 3q2i 3^8 ^ 3^27 3^2 ^ Sq^'')^^ 

+(Sq23 Sq» + Sq28 Sq^ Sq^ + Sq^^ Sq^ Sq^ Sq^ + Sq^^ Sq6 Sq2 ggi + Sq27 Sq4 + Sq24 gqT 

+ Sq'** Sq** Sq'' + Sq'^ Sq** Sq" Sq^ Sq')^^ 
+(Sq^^ Sq^ Sq2 + Sq^" Sq^ + Sq^^ Sq^ + Sq^" Sq** + Sq^' Sq** Sq^ + Sq^^ Sq^ Sq^ + Sq^^ Sq*^ Sq^ 

+ Sq'** Sq** Sq" Sq^ + Sq^^ Sq" Sq^ + Sq^^ Sq** Sq^ + Sq^" Sq** Sq" + Sq^^ + Sq29 3q3 
+ Sq23Sq«)gJ 

+ Sq''gf 
+ Sq'^g^« 

+(Sq'^ + Sq" Sq^ + Sq"^ Sq" Sq^)^^^ 
+ Sq'^Sq'g\^ 

+(Sq2^ + Sq'^ Sq*" + Sq"" Sq" Sq^ Sq' + Sq'^ Sq^ Sq' + Sq"' Sq*' Sq' + Sq'** Sq" Sq')^^'' 
+(Sq^' Sq^ + Sq'^ Sq^ + Sq'^ Sq*" Sq^ + Sq'^ Sq' Sq^ + Sq'^ Sq^ Sq^ + Sq'^ Sq^ Sq^ 
+ Sq'^Sq^)g^ 

+(Sq25 + Sq23 Sq2 + Sq^' Sq" + Sq'^ Sq" Sq^ + Sq'** Sq^ Sq^ + Sq^^ Sq3)^8 

+(Sq2^ Sq^ + Sq2° Sq^ Sq^ + Sq^^ Sq" Sq^ + Sq^' Sq^ Sq^ + Sq^" Sq^ + Sq'^ Sq^ + Sq^^ Sq^ 

+ Sq2" Sq" + Sq'' Sq** Sq^ + Sq'*" Sq** Sq" + Sq'** Sq** Sq^)^^ 
+(Sq''' Sq*- Sq^ Sq' + Sq^" Sq"* + Sq^' Sq^ + Sq^o Sq' Sq^ + Sq^^ Sq" Sq^ + Sq^^ Sq' + Sq^^ 

+ Sq2° Sq^ Sq' + Sq^^ Sq' + Sq^^ Sq^ Sq' + Sq^" Sq" Sq' + Sq^^ Sq" Sq^ Sq' 

+ Sq'^ Sq^ Sq2 Sq' + Sq^^ Sq" + Sq'^ Sq' Sq^ Sq' + Sq^' Sq^ Sq^ Sq' + Sq^*^ Sq^ Sq')^^ 
+(Sq20 Sq5 Sq2 + Sq'' Sq« Sq" + Sq^' Sq' Sq^ + Sq^^ Sq^ + Sq^i Sq'" + Sq^' + Sq^" Sq« Sq^ 

+ Sq'^ Sq" Sq" + Sq''* Sq" Sq^ + Sq^i Sq» Sq^ + Sq^^ Sq' Sq^)^^ 
S(gl') = (Sq" Sq' + Sq" Sq^ Sq' + Sq')^f 

+(Sq" Sq2 + Sq'O Sq^ + Sq» Sq^ Sq')gf 
+ Sq'2^^' 

+(Sq" Sq^ + Sq'^ Sq^)g^' 

+(Sq'^ Sq" + Sq'2 Sq" Sq' + Sq'^ Sq^)^''' 

+(Sq'^ Sq" + Sq^' Sq^ + Sq^^ Sq^ + Sq^' + Sq'" Sq^ Sq^ + Sq^" Sq^)^^ 

6(gl') 

+(Sq^ Sq3 + Sq" + Sq* Sq^ Sq')g24 

+(Sq'" Sq' + Sq'^ Sq^ + Sq'^ + Sq" Sq" + Sq** Sq" Sq^ Sq' + Sq" Sq^ Sq')g^^ 
+(Sq'" Sq^ Sq2 + Sq^"^ Sq" Sq^ + Sq^" Sq^ + Sq'^ Sq^ + Sq^' Sq^ + Sq^^ Sq^ + Sq^*)^:^ 



COMPUTATION OF THE £3 -TERM OF THE ADAMS SPECTRAL SEQUENCE 



25 



+(Sq^ Sq2 + Sq^ + Sq^ Sq^ Sq^ + Sq^ Sq')^f 

+ Sq**Sq2gf 

+(Sq'9 Sq6 + Sq2i Sq^ + Sq^^ + Sq^" Sq^)^^ 

-Sq"g32 

+(Sq2' Sq3 + Sq22 Sq^ + Sq^^)^^ 



Sigf) 



Sigf) 



= Sq^'g\-' 

+(Sq'^ + Sq'^ Sq2)gi^ 
+(Sqi^ Sq^ + Sq^^ Sq^ Sq^)g\° 
+ Sq'^Sq'^^^ 

+(Sq"^ Sq** + Sq''' Sq^ Sq^ + Sq^'* Sq^ + Sq"^ Sq^ Sq' + Sq'*" Sq** Sq^ + Sq^*')^^ 
+(Sq2^ Sq"* + Sq2i Sq*" Sq^ + Sq^^ Sq^ + Sq^*" Sq^ + Sq^' Sq^ + Sq^^ Sq^ + Sq'^ Sq^ Sq^ 

+ Sq'^ Sq^ Sq^ + Sq^" Sq^ Sq^)^^ 
+(Sq2^ Sq^ + Sq20 Sq^ Sq^ + Sq^^ Sq^ Sq^ Sq' + Sq^^ Sq"* Sq^ Sq^ + Sq^^ Sq^ Sq^ 

+ Sq^^ Sq^ Sq^ Sq^ + Sq^^ Sq* Sq^ + Sq^^ Sq* Sq' + Sq'"* Sq^ Sq^ Sq' + Sq^^ Sq^ + Sq^^ Sq^ 

+ Sq2'Sq^ Sq2)g4 

+(Sq3° Sq2 + Sq20 Sq** Sq^ + Sq^^ Sq^ Sq^ + Sq^^ Sq* Sq^ + Sq^^ Sq^ Sq^ + Sq^^ Sq^ 
+ Sq2* Sq"* Sq2 + Sq^"* Sq* Sq^ + Sq^' Sq' Sq^ + Sq^^ Sq' + Sq'^ Sq^ Sq"* Sq^)^^ 

+ Sq'S^'sV 

+(Sq** Sq"^ Sq^ + Sq'" Sq^^ Sq' + Sq' ' Sq^ Sq')gf 
+(Sq"' Sq2 + Sq'2 Sq"* + Sq'^ Sq^)gl^ 
+(Sq'2 Sq^ + Sq'^ + Sq'"* Sq^ Sq')^^^ 

+(Sq'* Sq'' Sq2 + Sq'"* Sq* Sq^ + Sq'^ Sq* Sq^ Sq' + Sq'^ Sq^ + Sq"* Sq^ Sq' + Sq^' Sq' 

+ Sq" Sq^ + Sq'^ Sq^)gf 
+(Sq2° Sq2 Sq' + Sq'^ Sq* + Sq'^ Sq^ Sq' + Sq"* Sq^ + Sq^^ Sq')^^' 
H-CSq^"* + Sq^" Sq'' + Sq" Sq^ + Sq'^ Sq^ Sq^ + Sq"* Sq*)^^" 

+(Sq^'' Sq^ + Sq23 Sq"* Sq' + Sq^" Sq^ Sq' + Sq^" Sq" + Sq'^ Sq* Sq^ Sq' + Sq^' Sq" Sq^ Sq' 

+ Sq" Sq** Sq' + Sq^' Sq^ + Sq^^ Sq^ + Sq'^ Sq' Sq^ + Sq" Sq' + Sq^'' Sq' + Sq'* Sq^ Sq" 

+ Sq23 Sq5 + Sq'^ Sq** Sq^ + Sq^' Sq* Sq')g* 
+(Sq3i + Sq2* Sq5 + Sq^^ Sq* + Sq" Sq» Sq" + Sq^' Sq' Sq^ + Sq" Sq' Sq^ + Sq^' Sq^ 

+ Sq2" Sq^ Sq2 + Sq^" Sq** Sq^ + Sq^^ Sq" Sq^ + Sq^^ Sq* Sq^ + Sq^" Sq' Sq^ + Sq^^ Sq^ 

+ Sq2' Sq" + Sq2" Sq' + Sq^^ Sq^)^^ 
= Sq"gf 

+(Sq' Sq^ + Sq* Sq^ Sq' + Sq'" + Sq** Sq^)gf 

+(Sq'^ Sq' + Sq" Sq* Sq^ + Sq^^ Sq" + Sq^" Sq^ + Sq^' Sq* + Sq" Sq^)^:^ 
+(Sq" + Sq^ Sq2 Sq' + Sq'" Sq')gf 
+ Sq'2gf 

+(Sq'^ Sq^ Sq' + Sq'^ Sq" + Sq'^ Sq^ Sq' + Sq'" Sq" Sq^ + Sq" Sq" Sq' + Sq' Sq" Sq^ Sq')g'^ 
+ Sq'gl' 

+(Sq'"Sq' +Sq" +Sq' Sq^)gf 
+(Sq2"Sq2 + Sq"Sq')g^ 
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+ Sq^^^' 
+ Sq*gf 

+(Sq'* + Sq'Sq')gf 
+ Sq25 4 
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+(Sq^2Sq2 + Sq2' Sq^)^"' 



10 
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